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- In a communications network, hamiltonian cycles are important because they provide a
hich can tolerate an edge failure. On the other hand, the problem of finding a hamiltonian
¢ for a general graph is known to be NP-complete. This paper gives actual algorithms to decompose
miltonian cycles, classes of degree four Cayley graphs on abelian groups.
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INTRODUCTION
Let G be any finite abelian group and S a

enerating set of G that does not contain the
;dentity element. The Cayley graph Cay (S : G)
is defined to be the graph with vertex set G and
odge set {(8:89)12€G, s € SuUS~!'}. Thus
cay (§:G)isa simple connected graph that is
regular of degree [SU S™'].

Given a simple graph, a hamiltonian cycle is a

uence of edges that starts at a vertex and passes

ugh each vertex exactly once before ending at
the initial vertex. A 2k— regular graph T is said
have 2 hamiltonian decomposition if the edges
of I can be partitioned into & hamiltonian cycles.

Alspach made the following conjecture in
1984 (Alspach 1984):

Every 2k— regular Cayley graph on an abelian
group has a hamiltonian decomposition.

- Though the conjecture has been verified to be
true in various cases, it has remained a conjecture.
(See Curran & Gallian 1996 and Alspach et al.
11990 for a survey of some related results.) When
fhe degree is four, Bermond et al. (1989) showed
using a recursive method that any Cayley graph
on an abelian group is decomposable into two
 pamiltonian cycles. Following the approach used
by Bermond et al., we present here algorithms
' to actually construct a hamiltonian decomposition

of certain classes of degree four Cayley graph on
abelian groups.

The Degree Four Cayley Graph on an
Abelian Group

Let G be a finite abelian group and S a
generating set of G that does not contain the
identity element. Suppose that the Cayley graph
Cay (S : G) has degree four. Then |SUS™'| =
4 and one of the following cases must hold:

1. S consists of four elements that have order 2.
2. Exactly two elements in SU S~ have order 2.
3. SUS~! consists of two elements with order at
least 3 and their inverses.

It can be shown that under the first case, G
must be either (Z,) or (Zz)“. We can then
easily construct a hamiltonian decomposition of
the resulting Cayley graphs.

For the second case, G = Z4 x Zn where
m is the order of the third element in S. (Z4
is formed by the elements of S with order 2.)
A decomposition into hamiltonian cycles can be
obtained by following the construction in the next
section (the case G is a direct product of {a) and

(5)).

To deal with the third case, we shall first
explain some notations and mention results to
simplify the discussion.
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From hereon, suppose S = {a, b} with both
a and b of order at least 3 (and a~! # b). Let
a=[G:{(a)], B =[G:(b)] and k = o (a) (the
order of @). Thenk > 3,a > 1and f > 1.
Since (@, b) = G, it follows that ab € (a) and
so there exists an integer ¢, 0 < ¢ < k-1,
such that ab = ca. It can then be verified that
B=ged(c,k).

As an example, we can take G = Zj3, § =
{a,b}, witha = 3and b = 2. Thenk = 4,
a =3, 8 = 2and ¢ = 2. The resulting Cayley
graph is shown in Fig. 1.
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Figurel. Cay ({3,2}: Z12).

In general, since G is the disjoint union of the
distinct cosets of {a) in G, or

G= U ()+@),

0<i<a—1

it follows that the elements of G can be
represented uniquely by

ib+ ja, or simply (i, j),

where0 <i<a—1and 0<j <k—1. The
edges then consist of the following:

@), Gj+)I0<i<a-1,0<j<k~1},
(@), +1,/)I0<i<a-2,0<j<k~1},
and {((@—1,/), (0,j+)|10< j <k-1}

(where addition in the second component is
done modulo k). Figure 2 shows the same
Cayley graph Cay ({3,2} : Z)2) with the ver-
tices labeled using the ordered pair representation
(i, j) described above.
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Figure 2. Cay (13,2} :Zy3).

In general, a Cayley graph Cay (S : G) with
parameters a and B as defined above, shall be
called a graph of type T" (a, ) . Thus, any Cayley
graph belonging to Case 3 is a graph of type¢
T (a, B) for some parameters a, §,c and k. In
fact, the converse is also true. That is, given
integers a, B, ¢ and k that satisfy the conditions

az21,>21,0<c<k—1
with ged(c, k) =8, k = 3
then the degree-4 graph with vertices (i, j) with
0<i<a-1land0 < j < k — 1 and edges
enumerated above is a Cayley graph Cay (S : &)

where S consists of two elements with order at
least 3. (Bermond et al. 1989).

Given Cay ({a, b} : G) and g € G, we shall
use the following notation:

g, +b, 2% [+a,2* (+b)], 3% (—a), 2+ (—b), +a

to denote the path that starts from g and goes
through other vertices as shown in Fig. 3.

(+) (+b)

g+2a+3b pTMOTS ——$g+2a+5b
(+a) -a)
(+d) (+5)
grath b oasdb g+a+5b ¢
(+8) o (-2}
(+5)

a— o -

(+a) (-a)
() )

g-843b g-a+db g-a+5b

Figure 3. The path g, +b,
3x(—a), 2+ (-b), +a.

2% [+a, 2+ (+5)],

Most of the algorithms described in the next
sections were obtained by applying on smaller
graphs, the following two results.

Lemma 1: Let I be a four regular
Cayley graph of type I (a,f) that has a
hamiltonian decomposition {H,, H>} such that
both H; and H», have an edge of the form
{(@a—1,4),(0,j+c)}. Forany integer r > 1,
let I/ be the Cayley graph of type I' (a + 2r, )
that has the same parameters ¢, § and k& (as

the graph I'). Suppose further that I’ =
Cay(S':G’) where S = {a’,b’} such that
o(@) = k, a +2r = [G :(a’)] and
(@+2r)d' = ca’. Let H| (respectively.

Hj) be the subgraph of I'” obtained from H,
(respectively, H>) by removing all edges of the
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form {(a — 1, j), (0, j + ¢)} and replacing each
One with the path

(@=1,7), re[+b, (€ = )= (+d'), +¥',
(€ — 1)+ (=d)), +¥,

Where ¢ is the smallest integer, | < ¢ < k, for
Which the edge ((@ — 1,/ + €), (0, j + ¢ +¢))
18in Hy(respectively, H2). Then H| and H; form
a hamiltonian decomposition of T’.

Lemma 2: LetI' = Cay (S : G) be a four
Tegular Cayley graph of type I' (a, 8) with § =
{a, b} and parameters 1 < & < 8 < 2, c and
k. Let H) be the subgraph obtained from the
One or two cycles generated by a by removing the
edges (0, @) and (—b, a — b) and adding (0, —b)
and (@,a—b), and H, = I\ E(H)), the
Subgraph obtained by removing all edges in H)
fiom I'. Then H, and H> form a hamiltonian
decomposition of T

We are now ready to describe the algorithms
to obtain a hamiltonian decomposition of degree
four Cayley graphs of type I (2, 8). We divide
the graphs into two classes according to whether
ornot G is the direct product of (a) and (b) .

The case when G is the direct product of (a)
and (b)

Let Cay (S : G) be of type T (a, f) where
S=1{a,b}),0(@) =k 2 3,a = [G:{a)],
B=[G:(b)Jandab =ca, 0 < c < k— 1.
Moreover, suppose G = (a) @ (b). Then o (b) =
@23, k=p8>3andc = 0. An example is
when G = Z¢ @ Z4, a = (0, 1) and b = (1,0).
Here,a = 6, and 8 = k = 4. Notice that the
(i, j) notation described above coincides with the
usual representation of the elements in G. The
resulting Cayley graph is shown in Fig. 4. A sec-
ond example is G = Z3p witha = Sand b = 12.
This time, &« = 5, and = k = 6 and the graph
is shown in Fig. 5.

T
, (43), (5.3}

(0.3)~(3), @3)

: — ~—|
(0 ).@5@ | 42y GRy
1), @} <4{T)" 3
S s
(0.09,71.0) (2;1 @9, @al (5

Figure 4. Cay ({(0, 1), (1,0)} : Z¢ © Z4) -

(0,5) ,5). (2,5). (3.5), (4

(9.4) A, 2.4), (3.4)

(0.3),-113)] [2.3)] (3.3)] (&

1,2)] 12,2)] 13.2) N

(0.1) 1) 1) ) (8

Sl B e

Figure 5. Cay ({5, 12} : Z30).

Proposition 1: Let ' be a degree four
Cayley graph Cay (S : G) of type I' (@, B) with
parameters a, b, a, f, c and k such that G =
(a) @ (b) (or equivalently, ¢ = 0).

(a). If @ and B are both even or both odd and
a > B, let H be the subgraph of I defined by the
following sequence:

0, B+ [(B— 1)+ (+a), 5], (5“—;—’3) .
[(8 — 1) * (+a), +b, (B— 1)+ (=a), +b].

i = 2t is
®). Ifa = 25 + 1 is odd and £
even, let H) be the subgraph of T defined by the
following sequence:

0, (25) * (=b), +a, 2% (-b), -1+
[2 * (+0) > —b; 2 (_a)s —b])

2« (+a)$ '—b’ —a, —'bv 2 (+a)’ (' —2) *
[(29) * (+b) ’ +a1 (2’) * (_b) Y +a]

In either case, let H =T\ E (H])' . Then H)
and H, form a hamiltonian decomposition forI'.

Proposition 1(a) can be proved by noting that
the decomposition works in the case a = f and
then extending this decomposition of the graph of
type T (8, B) to any graph of type I (a, B) by
Lemma 1. Proposition 1(b) can be proved in a
similar way. We note that Proposition 1 can be
applied also if either a < B in (a) or if a is even
while B is odd in (b), by first interchanging the
values of @ and B. Illustrations are given in Fig.
6 and Fig. 7.
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Figure 6. Hamiltonian decomposition of
Cay ({00,1),(1,0)} : Zg ® Zg) .

The case when G is not the direct product of
{a) and (b)

As in the previous section, we take G to be
any finite abelian group generated by S = {a, b}
with both a and b of order at least 3 (and a~! #
b),a =[G :{a)], B =[G : (b)), k = 0(a) and
0 < c £ k—1withab = ca. This time, we
assume G # (a) @ (b) or equivalently, ¢ > 0.
Fig. 2 shows an example of Cay (S : G) under
this classification.

The next two propositions describe a
hamiltonian decomposition of such graphs if
additional conditions are satisfied.

Proposition 2: Let I be a degree 4 Cayley graph
of type I (@, B) with parameters a, b, a, 8, ¢
and k& such that G # (a) @ (b) .

If @ and B are both even, let H, be the
subgraph of I' defined by the following sequence:

0, (ﬁ#) x[a * (+b)], +b, (% - 1) .

[+b’ ﬁ * (+a) 3 +b: ﬂ * ("'a)] 3 +bs
((C - k-5
Be

B—1)*(-a), —b, (% —]) * [a * (-b)],

g_])*[(%—l)*[a*(-i-b)],

+a, (% - l) *[a = (-b)], +a] s

slas(+b)], +b,

+a,

andlet H, =T\ E (H)). Then H; and H> form
a hamiltonian decomposition of I".
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Figure 7. Hamiltonian decomposition of
Cay ({5, 12} : Z3) .

To prove Proposition 2, we note that a
hamiltonian decomposition of I' that has type
I" (a, B) can be obtained from a graph of type
' (2, B) with the same parameters ¢ and &, ac-
cording to Lemma 1. Now a graph of type
I' (2, B) also has type I' (8,2) which can be
decomposed from a decomposition of a graph
of type I' (2,2), again according to Lemma
1. Finally this graph of type I' (2,2) has a
hamiltonian decomposition described in Lemma
2.

Figure 8 illustrates the decomposition
described in the previous proposition for the
Cayley graph Cay ({a,b}: G) where G =
Z, ® Zo, a = (1,2) and b = (0, —3).
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Proposition 3: Let I be a Cayley graph with
eters a, b, a, f, ¢ and & such that G #

(a) (27] (b} .

If a is odd, B is even and ¢ # k/2, let H,
pe the subgraph of ' defined by the following

gequence:

0. (.k-:-’:—_-f)*[a*(+b)], +b, (“;')*

[+, B+ (+a), +b, B » (—a)], +b,

C=BE=PY, (u.
(—Tc_) [a * (+b)],

a-—1
B-1)*(-a), ( 5 )*[—b,
B =2 *(+a), —=b, (B =2)*(=a)),
=5 (5-2) +1er b0 4a

(g- |),. [(;‘7 -2) +a s (+b)],
+a, (% - 2) + o % (=b)], +a],

andlet o =T\ E (H). Then H; and H, form
a hamiltonian decomposition of T.

Like the previous two results, Proposition 3
can be proved using Lemma 1 and Lemma 2. In
the process, note that the assumption ¢ # k/2 is
necessary to obtain a valid four regular graph of a
particular type.

Figure 9 illustrates the decomposition for the
graph of Cay ({5, 4} : Zeo) .
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Figure 9. Hamiltonian decomposition of
Cay (15,4} : Zeo) -

Conclusion

Depending on certain conditions, we have
constructed hamiltonian decompositions for
certain classes of degree four Cayley graphs on
abelian groups. In particular we obtained an
algorithm to decompose Cay (S : G) when it has
type I (a, B) for all cases of a and § (and the
parameters ¢ and k), except the following:

e a and B are both odd and ¢ # 0, or

e one of a and f§ is even and the other odd
andc = k/2.
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